
Math Logic: Model Theory & Computability
Lecture 21

Equivalently , we have the following syntactic version of Compaction :

Syntachic Compactnes . If every finite subtheory of a 5-Henry T in consistent
,
then

T is consistent
.

Proof
.

IfT is inconsistent then Tlh and since proof we finite, some finil

subthey To &T proves 1 ,
and thereforeTo is inconsistent,

for /from syntactic compatient . Let I be a set lot indices) and let iTilies be

a rested collection of 5-theories
,
i
. e, for any

i
, jeI , Tietj or TjCTi.

If each it is consistent
,
then so is Ti.

Proof
.

HW.

Enriching consistent theories.

Lemma about consistency and extensions
.

Let I be a -theog.

(a) For a recentence Y
,

the theory TV 34] in inconsistent iff The
(b) If T is consistent

,
then for any

-sentence 2
,
TV943 or TV9-0

is consistent (possibly both).
() Adding a Henkin withers : For an extended Oformula Y(r)

,
if

TVY 5-43 is consistent and c is a constant symbol in 0 What doesn't

appear in TVEr47
,
then TV34K/)) is consistent.

(Thus
,
TVEvt

,
4(3)] is also consistent .)

Proof
.

(a)
.

If it -4 then TU9435-4 and TV943/4
,
so TUS43 is inconsistent .



=> Suppose TV943 is inconsistent so TV943 + -
5

. Then
/

TtY- T
,
so become Hue-i-> (↑24) , we get TtY- 4

.

Bense also T + &
,
we get by MP that TH -Y.

18) Towards the contrapositive , suppose both TV947 and TV - 43 are

inconsistent. Then by Cal
,
JF-4 and Tr-14

,
so i is inconsistent.

1) We prove the contrapositive · Suppose TV34( is inconsistent
,

so by (a)
,
Tt - 4(5) . By Constant Substitution Lanca

,
TH - 4.

so by generalization axiom (5)
,
T + Ern Y

,
i. e. Tt +Fr hence

TV 37r43 in inconsistent.

From this it follows Hot TVIY(Y)
,

Fr 3) is resistent and this left as HW.

Prop . Every consistent o theory T admile a F-maximal consistent extension FoT.

Proof 1 . It follows from thecorollary of syntactic repactmen But if Itilies
is an increasing chain of consistent theories. then Wit is a consistent

their IZorns applieandgive insion ximiateut

r-sentence Y
,
one of FW94) and TV9247 is consistent by

part (b) of the above lenna
,
so by inclusion maximality of

F

,~

Yt1 or -YeF
.

Proof 2 . We only pre braithl signature - to avoid transfinite recursion.

suppose o in thl heare Sentences lot is atbl and we fix an ensurer
I

ration (Yuhne of all or sentences. We inductively define an increa-

sing sequence (Thinzo of consistent 5 Reories with to t
,

so that
for each us

I
either Y. Th or Teeth .

Let To : = T and suppose
To is defined for u20

,
and we define Tues as The := TuVseu)

if In X-Yn ,
and The := TaUSnYul if in +o Ya.



T

Then by the corollary ofigntactic compactness, F:: Vin is consistent. Y -D
hEIN

Moreover
,

for each worl
,
Putt or -YueF

,
so Tis T

, Y, T
, -Y,

T-maximal consistent
.

Yz -Uz Ye -On

T,4,Ye T
,
4, 28

T
,
24
, Ye T

, 24,79

Syntactic-Semantic Quality Theorem.

We aim to
prove the following theorem

,
which :

is called the Completener of First- Order Logic E

or just Godel's Completeness Moren (not to
be confused with the completenes of a particular
first-order Keur) .

Godel's Congleteum Theorem. Every consistent 5-theor is satisfiable.

This in equivalentto the following thorew :

Syntactic -Semantic Quality . For every -Keeg T and R-sentence O,
TEY iff Try .

Godel Completenes => S-SPuality . We already showed that THY implies TEC.
To

pove the converse
,
ve pore the contrapositive : suppose TX ,

then ↓ (a) of the above lemma about consistency ,
TV924) is consistent

,

hence by bod Completemen has a model AFTV323)
,
so TAY

bon MFT and MAY,

5-S Quality =>> Godel Completenes . By quality , TEL iff Tt he
,
which

just say At
T is satisfiable iff T is consistent.



Remark
. We have proved Axis theory for K

,
which implies , by the

completen of ACFo let ACFo F Ax's theorem for fixed degree This proof
uses wour first-order arguments like the supartum Reorr

,
set

theory , pigeonhole principle ,
etc

,
but the duality ther says Hot

Alto t Ax's therem for fixed degreeso our fans proof was an overkill.
I

However
,
we haven't found his first-order proof explicitly .

HW Build a model for a sentence in a finite signature that asserts the

existence of 5 elements and describes how each constant symbol,
relation symbol , and function symbol is defined.

Caution
. Ex . 7xz ... 5x5) ... x , = Xz ... ) implies that a model of this should

have at most 4 elements.


